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1. Introduction

Perturbatively, Faddeev-Popov ghosts are well understood. In textbooks [, these anticom-
muting scalar fields are usually introduced as a tool to lift the Faddeev-Popov determinant
into the action. This determinant is the Jacobian arising from the gauge fixing condition.
After this, a consistent perturbative expansion of the path integral can be carried out.

However, ghosts are much more than a “mathematical trick”. In a sense, they naturally
arise when a gauge is fixed in a Lorentz covariant manner. Once the gauge is fixed, the
(local) gauge freedom, generated by d, A = Dﬁbwb, is of course lost. However, we recover
a BRST symmetry of the complete action Syy + S, such that the gauge fixing part of the
action is BRST exact, i.e. Sy = sS.;, where s is the nilpotent BRST operator.

A more general class of gauge fixings than those which can be obtained through the
Faddeev-Popov method, can be introduced by making direct use of the BRST symmetry:
one adds a BRST-exact expression sS; to the classical Yang-Mills action in order to break
the gauge invariance.

Clearly, the ghosts play a crucial role in this construction. The BRST symmetry can
be used to prove e.g. the renormalizability of gauge theories, the unitarity of the S-matrix,
the gauge parameter independence of gauge invariant correlation functions, etc.

Ghosts also have a clear physical meaning at the perturbative level, although a clear un-
physical meaning would perhaps be a better choice of words. Indeed, asymptotically, their
degrees of freedom cancel out with the scalar and longitudinal gauge boson polarizations
from a suitably defined physical subspace, leaving two physical transverse polarizations, as
desired [g].

Perhaps less commonly known is that ghosts can also be used to discuss quantum

2k+1 can be used to discuss

properties of anomalies. For example, the ghost polynomials Trc
nonrenormalization properties of e.g. the gauge anomaly (Adler-Bardeen theorem). We

refer to [{] for relevant details and original literature.



This very short summary should have sufficiently outlined the relevance of ghosts. The
reader will have noticed that all the previous results are strictly speaking at the perturbative
level. A natural question is what the role of the ghosts might become when going beyond the
perturbative level? Of course, since ghosts arise only after gauge fixing, one might question
the issue of gauge invariance. But as we have to add them to our action at the quantum
level, we cannot disregard the possibility that ghosts might be important for the infrared
dynamics of gauge theories, signalling certain nonperturbative effects in at least a particular
gauge. Let us quote two cases in which ghosts are relevant at the nonperturbative level.
Firstly, when gauge copies in the Landau gauge are taken into account by implementing the
restriction of the domain of integration in the functional integral to the so called Gribov
region [, the ghost propagator is found to behave like q% for ¢ ~ 0. At the same time, an
infrared suppressed gluon propagator is found. This leads to an infrared fixed point of the
nonperturbatively defined strong coupling constant [f], and induces a violation of positivity
of the gluon propagator, indicating that the gluon cannot be a stable asymptotic physical
particle [fj]. Secondly, Kugo and Ojima constructed an algebraic criterion for confinement
(an inherent nonperturbative infrared phenomenon), which is fulfilled in the Landau gauge
when the ghost propagator is sufficiently singular [, f]. The infrared enhancement of
the ghost propagator and the infrared suppression of the gluon propagator have received
confirmation from lattice simulations [J] as well as from the study of the Schwinger-Dyson
equations [I—-[3).

In this paper, we will elaborate on another intriguing possibility: the formation of a
nonperturbative ghost condensate. This problem was tackled first in [, @] in case of the
maximal Abelian gauge (MAG). The MAG Yang-Mills action is given by!

S = SYM + SMAG + Sdiag ; (1-1)
whereby
1 a auv [ Uy
SYM = _Z/d4'r (FMVF " +FMUFM > ) (12)
1 a
Shac = S§/d4x <§AZA‘”‘ — 50a6a> (1.3)

— / d4.%' |:ba (Dszbu + %ba> +EaDszbcpcc + gfabiEa(DZcAc,u)ci
+gfbchaDzb(Acpcd) _ agfabib“Ebci _ 92 fabifcdiEaCdAZAcu o %gfabcbaEbCC

« oo « ~ L«
_ ZQZ fabecdzEaEbcccd _ ZQZ fabCfadzEbEcchz _ g92 fabcfadeEbEchCe] ,

Sty = 8 / d'zeoMAl, = / d'z [biaﬂA@ +TOM(Ouc’ + gf AL (1.4)
with
Db =5%9, — gf* A, (1.5)
!Indices like a, b, ... refer to the off-diagonal sector, while 4, j, ... to the diagonal one.



the U(1)V~! covariant derivative and
Ff, = DWAY — DAY + gf "™ AL AS FL, = 0,A] — 9, Al + gf*" AL AL (1.6)

the field strength. The nilpotent (anti)-BRST transformations of the fields read as follows

SAZ _ _(Dzbcb +gfabcAch —i—gfabiAZci) ’ SAL _ _(8Mci +gfabiAZCb) ,
SCa:gfabiCbCi—FgfabchCc, Scizgfabicacb’
sc* =0 ,80* =0, se=b,sb'=0, (1.7)
and
EAZ — —(DZbEb +gfabcAZEc + gfabiAZEi) ’ gAL — _(a‘uzi + gfabiAZEb) ’
S — gfabiEbEi + gfabchEc , ﬁi — gfabiEaEb ’
St = 8 —{—gfabCCbEc —{—gfabiCbEi + gfabiébci ,
=4 i abi a=b =10 _ . pabcpb=c abipb—i abi=bpi —=1i __ _ _ rabipa=b
s¢' = =b" + gf"c"e Sb% = —gfPUVe — gf e + gf ey sb' = —gfNe .
(1.8)

We also recall the Jacobi identity, in decomposed form [RI]
fabifbjc + fabjfbci =0 ’ fabCfbdi + fabdfbic + fabifbcd =0. (19)

Strictly speaking, the MAG is defined by choosing that gauge configuration that corre-
sponds to the (absolute) minimum of the functional

RaaclA] = / d*z(AS)? (1.10)

under gauge variations. Restricting to infinitesimal gauge variations, it reduces to the
U(1)N~! covariant constraint

Db AP =0 . (1.11)

The residual Abelian gauge freedom is fixed by a Landau like condition, ([L.4). We notice
that this gauge fixing for the diagonal part does not exhibit the anti-BRST symmetry. We
have only introduced the anti-BRST transformation s as a tool to write down a condensed
form of the off-diagonal gauge fixing, i.e. the MAG (|L.j). As a consequence, only the BRST
symmetry and its associated Slavnov-Taylor identity will be used for the renormalization
analysis.

The MAG has received much interest, as it might be relevant for the dual superconduc-
tivity picture of confinement [[§]. To make the MAG well-defined at the perturbative level,
one must introduce a regulating gauge parameter o and add a 4-point ghost interaction
proportional to a to the action [, [7]. The condition ([L.11]) is retrieved in the formal limit
a — 0. As is well known from other models, in the presence of an attractive four fermion
interaction, the formation of a fermion condensate can become energetically favoured. In
our case, the analog phenomenon would be the formation of a ghost condensate. This was



originally discussed in [[I3, [[4] by a decomposition of the 4-point interaction by means of
an auxiliary field 0. A one loop effective potential was constructed, and a nonvanishing
condensate (o), proportional to the ghost condensate, was found. However, as explained
in [Ig, this gives rise to problems with the renormalization group (RG) beyond the one
loop level. Next to this, it is also of no use in the Landau gauge as there is no 4-point
interaction present in that case. In this article, we shall invoke the LCO formalism, orig-
inated in [[J] by one of us, which allows a RG consistent discussion of Local Composite
Operators. We shall also make use of results obtained in a series of papers about the usage
of the LCO formalism in gauge theories [R0, R1]. The ghost condensate was used in [[L3, [4]
to generate a dynamical off-diagonal gluon mass. As a consequence, the off-diagonal glu-
ons should decouple from the infrared dynamics, hinting that an Abelian theory could be
used to eventually obtain confinement. It was however realized in [I§] that the effective
off-diagonal gluon mass was tachyonic, and therefore certainly not suitable to explain the
so-called Abelian dominance [R7].

Nevertheless, this does not mean that the ghost condensate is meaningless. The fact
that it gives rise to a tachyonic effective gluon mass points out that other condensates might
emerge. Indeed, it was discussed in [21], that a mixed gluon-ghost operator condenses
and gives rise to a real valued effective off-diagonal mass, a result in qualitative accordance
with available lattice simulations in the MAG [24, RJ.

In the Landau gauge, we already presented a combined study of the gauge condensate
(A?) together with the ghost condensate [2f]. The one loop net result is that the tachyonic
contribution of the ghost condensate induces a splitting between the diagonal and off-
diagonal mass, leaving a larger value for the off-diagonal one. This can be seen as evidence
for some kind of Abelian dominance in the Landau gauge [R7].

A nontrivial condensation is frequently intimately entangled with the spontaneous
breaking of some global symmetry. In fact, as discussed in [[[3, [[4, 0], the ghost conden-
sation breaks a global invariance present in the maximal Abelian gauge, generated by

oct =c¢*, 6= %fabccbcc +gf®icbet S(rest) = 0. (1.12)

As a version of this symmetry is also present in the Curci-Ferrari , see [2§], and Landau
gauges [R9], it might be expected that a ghost condensation could occur in these gauges
too. This point was discussed in [B(-BJ]. By choosing another diagonal gauge fixing in
the case of the MAG [R9], it is possible to find an even larger symmetry content, next to
d. More precisely, it is possible to find a complete SL(2,R) invariance, generated by the
ghost number symmetry generator d., § and an analogue of § with an exchange of ghost-
antighost fields. In the Landau gauge, the SL(2,R) rotations connect different channels
of ghost condensation. Next to the operator f*°e’c¢ with vanishing ghost number, also
the ghost charged operators f*°e’c¢ and f®°c’c¢ can condense in principle. However, the
corresponding vacua are equivalent [BZ], and for simplicity we will restrict ourselves in this
paper to the uncharged channel f*¢%c’ instead of the charged ones (f®cct/febizae?).
In [2q], both channels were discussed simultaneously in the Landau gauge.

Let us finally mention that, precursored by the theoretical results, also lattice studies

have been made in the Landau as well as in the maximal Abelian gauge, giving sup-



port to the existence of a nonvanishing ghost condensate and dynamically broken symme-
try [@7 @]

This article is organized as follows: in the second section, we set up the action and
prove the renormalizability in the presence of the composite ghost operator f*cc? and of
the dimension two mass operator (%AZAZ + ac®c®) using the Ward identities of the MAG.
In the third section, we derive the necessary RG functions and discuss the one loop ghost
condensation for the gauge group SU(2). Section 4 summarizes some consequences of a
nontrivial ghost condensate. We also prove that the Goldstone boson corresponding to the
spontaneously broken d-symmetry decouples from the physical spectrum. The last section
contains our conclusions.

2. The action: algebraic analysis

The complete action we start with, reads
¥ = Sym + Suac + Sdiag + Spco + Sext s (2-1)

where,

Sico = 8 / d* [A(iAZA‘W - aE“ca> + %)\J +gf"wiet” + %w’ﬁ’

1 . )
/d43: [J<§AZAG“ + aE“ca> + gJQ — aAbc® + )\A““Dzbcb + adgfPee b

+a>\gfabc5acbcc + gfabi,ﬂiaacb _ gfabiwibacb + 92fabifbcjwi6acccj

92 ) . X i i
+7fabsz6dwlﬁacccd+ 5792792:| ’ (2.2)

St = / d' [—Q““ (Dgret + g oAbt + gpialet) — Qi (9, + g ane)
L <gfabicbci + gfabccbcc> + %fabiLicacb:| ] (23)

The external sources QZZ and L** are needed to define the composite operators entering
the nonlinear BRST transformations of the field Aj;* and c®?, respectively. These sources
are invariant under the action of the BRST operator, i.e.,

s =50, =0,  sL*=sL'=0. (2.4)

The two pairs of sources (J,A) and (¥, w’) are needed in order to define the composite
operators (AzA““ + aEacc) and gf®e%c® and their BRST variations. These sources form
BRST doublets, according to

SA=J, sJ=0, swh =19, 59t = 0. (2.5)

The purpose of the pure source terms %ﬂiﬁi and %JQ shall be made clear in the next
section. The mass dimension and the ghost number of the fields and sources have been
listed in table []. The complete action (R.1]) obeys the following set of Ward identities:



Azﬂ Ca,i Ea,i ba,i A J Qzﬂ La,i wi ,192‘
dimension 1 0 2 2 2 2 3 4 2 2
ghost number | 0 1 |{-1,0|-110| -1|-2]-1]0

Table 1: Quantum numbers of the field and sources

The Slavnov-Taylor identity

0T 0% 6% 6% 0N 8% 0N 0% | 6N
Y) = [ d* e -— 4 b
(%) / v <5Qau 5An 50 AL T oLadc | oLisd | oef

+b"%+ﬂ’§i +J§—§> =0, (2.6)
The diagonal ghost equation
G'(%) = Al
G = Dyt
Al = 0% + g Al — 0,0 — gftiLech (2.7)
The diagonal gauge-fixing condition
% = 9,A™" . (2.8)
The anti-ghost equation
gx) = % + v 6‘;%“ ~0. (2.9)
The diagonal U(1)Y~! Ward identity
WHE) = —9%b , (2.10)
W = 6“5513) +gf"” <Az%+c“%+ba%+6“%+9““6£bu +L“%) :

The integrated A-equation

L{(E):/d‘*x (5—E+c“5—2—2 iéz) =0. (2.11)

ox ¢ s T SL
The SL(2,R) Ward identity

5% 0% 6% 6%
_ 4, a _ 7 —
D(X) = /dm <c 5o+ 5pagg 20 w) 0. (2.12)




We notice that the terms A?__, in (R.7), and —02b%, in (R.10), are linear in the quantum
fields, thus defining classical breakings.

We are now ready to write down the most general counterterm, ¢, which is com-
patible with the previous Ward identities and which can be freely added to the original
action. Requiring that the perturbed action, ¥ 4+ nX¢r, obeys the same Ward identities as

Y} to the first order in the expansion parameter 7, one gets the following conditions

By o0 ‘fb‘f =0,G'%cr =0, WSer = 0,5 Ser = 0,UScr =0, DsSer =0,
(2.13)
where By, is the nilpotent, B4 = 0, linearized Slavnov-Taylor operator, given by
Bzz/d‘*x(‘sz 0_p0= 0 L ox 0 0% 0 L 0% 0
o §AG  GAG SQw - 5Q AL AL 0 GL* ot
i i e e Y O ) e
and the operator Dy, in (R.13), is given by:
Dy, = /d4x (ca% + ffa% + %5; - 20%2@.) : (2.15)
The most general local counterterm can be written as
Ser = ag Syw + BsATY (2.16)

where AV is an integrated local polynomial of ghost number —1 and dimension 4, given

by:

A = / d'x [al QAL + a (0T AL + a3 QWAL + aq (0MT) AL + a5 Lo

tag L'd + cw((?“AL)wi + ag A\d'w' + agw'? + a1 g f P w'e
+a11 AJ + aia )\AZAa‘u + a3 )\14@141‘u 4+ a4 X% + as gfabcEaEch

+agg gfaszCEbcz + a7 % + ays gfaszaAZAm + aqg gfaszzEacb

“+a9oq bie + a2 \e'é + a9 ot + aos bl (2.17)

The identities (R.13) imply that

a1 = a2 = ag = a7 = g = (19 = A0 = A2] = A2 = a23 = 0, (2.18)
as  as aie
ajp = —as ,a12 = Y + > ,a14 = —2a16 + aas ,a15 = 3 ,A17 = —0A16 , 018 = Q4 -

If we rename the six independent coefficients ag, a4, as, ag, a11, aig, according to

asx agC
ag — a1, @4 — —a3, A5 Ay, A9 =, 1] 7 o, 016 —004 (2.19)



the final expression for A1) is found to be
A(—l) _ d4 ap Aa a.a abi, i—=a b 1 a pap —a .a
= T |ag QMA] +ag | LU — g f*™w'cc +§)\AMA + aXce (2.20)
1 . .
+ag <EaDszb,u+§)\AZAau> +aay <Eaba—gfablaa5bcl—gfabcEaEch
+2Aeaca> + X iy 4 %CAJ} .

At the end, X¢r, in (B.16), contains seven free independent parameters a (k =0,1,...,6).
These parameters can be reabsorbed by means of a multiplicative renormalization of
the parameters £ = (g,a,(,x), of the fields & = ( Z’i,ca’i,éa’i,ba’i) and sources ¢ =
(QZ’i, L%\, J,w, 9%, according to

E(q)(]’qbo’&)) = E(q)a¢a£) +UECT((I)’¢’ 5) ) (221)
where,
By = 7,/ i orios _ Z1/2gomaios (2.22)
giag — Z¢¢diag , gﬁtdiag — Zd)(ﬁc’ﬁtdiag R (223)
b = Zic. (2.24)

More precisely, a little algebra results in

a ~ ~
Zy = 1—7750 Za=14+n(ap+2a1),Z.=14+n(azs+as),Z.=1—n(az —as),
Zo = 14n(a0—2a3+2a4), Zy, = 1—n(ag—2a2—2a3—as), Z¢ = 1+n(2a0 —2a2 —2a3+ag),

(2.25)
and
Ta=7,2 2 = 72, 2y = 22220y Ze = 22", 2o = Zoy 20y = 2, V%, T = 2, 2, 212
2, =22 2 =2, 2 P I 2= 2,2} 2, =222 2, = 2,223 2y =2, 2
(2.26)

)

Before closing this section, we notice that there is no mixing at all between the mass
operator coupled to J and the ghost operator coupled to 9.

3. Construction of the effective potential

We shall employ dimensional regularization in d = 4 — ¢ dimensions. The part of the
action (R.1]) that we need is obtained by setting all external sources equal to zero, except
9" which is coupled to the operator gf®'¢%c’. For the moment, we also discard the mass
operator, and concentrate purely on the dimension two ghost operator. For further analysis,
we prefer to use the operator fe®ec?, obtained by a suitable rescaling of the original
operator coupled to the source ¥¥. Therefore, the starting action yields

S = Sya + Suac + Sag + / iz ( Fobigicach 4 %ﬂiﬂi) . (3.1)



We define the anomalous dimension v(g?) of the ghost operator via
_0 abi=a b| _ 2 abiza b| _ [+ 9 abi—=a b
M@ﬂ[f cc}—w(g)[f cc}— ,uaﬁang [f cc} . (3.2)

From the bare action associated to (B.1]), we deduce

1 .1 -
FXo¥o¥p = SH (X +x)0"" . (3.3)

The so-called LCO parameter x is needed to ensure multiplicative renormalizabil-
ity: a counterterm o< ¥? is needed to kill the divergences in the Green function
(fobiE (z)cP (z) f2%%C ()b (y)), or equivalently in the generating functional W(¥9). It is
clear that divergences o 992 can and do arise. In principle, y is a free parameter. However,
as we do not want to introduce an independent coupling, we shall reexpress x in terms of
the gauge coupling g2, in such a way that the compatibility with the renormalization group
is preserved [[19]. We can derive the RG equation for the LCO parameter x from (B.3),

o 0 0
X = (B(gz)a—gQ + 'm(gz)oc£> X =27(¢*)x +0(g°) (3.4)
where we defined
5(g%) = <6+27(92)—B(92)i — o, (92)3> % (3.5)
9g2 9 Ba ' '

Apparently, we require explicit knowledge of 3(g?), va(g?) and §(g?) before we can fix x(g?)
by solving (B-4). A complete three loop renormalization of QCD in the MAG in arbitrary
colour group has already been carried out in [Bg]. The only missing information is in fact
the RG function §(g?) as defined in (B.5) and the anomalous dimension y(g?) of the ghost
operator. To deduce 6(¢g?) we follow the method derived in [Bf]. There the divergences
contributing to the counterterm analogous to dx were deduced in the massless theory by
considering the corresponding ¥ 2-point function with no internal 9 propagators. As the
Feynman graphs are massless and we are only interested in the divergences, the MINCER [B7,
B, algorithm written in the symbolic manipulation language FOrM [BY], can be used.
The Feynman diagrams are generated automatically using the QGRAF package, [, and
for our current problem there are one one loop and twelve two loop Feynman diagrams to
determine. In addition we have also carried out the explicit renormalization of the operator
fobicach itself at two loops and verified that the relation derived from the Ward identities,
7(g%) = — 27.(g?) holds, suitably adapted to our conventions here. This can be regarded
as an extra check on both the algebraic renormalization result as well as the intricate
symbolic manipulation required to derive anomalous dimensions in the MAG due to the
difficulties arising from the split colour group. See, for instance, [BJ]. Hence, using the MS



renormalization scheme, we obtained the following results for a general gauge group

5(g%) = 0o + 619> + Sag* + -+,

Ca L 2 a2
S0 = —=75 01 = ——————= (N§Ci(a +5) + NiCi(-20+22) )
0= "33 0 QNZ(MWZ)Q( 4C%(a+5) + NaC4( ))
1
02 = 5 ((N3)*(C3 (60 + T8a + 402) — 240C3 T Ny)

© 32(N9)2 (1672)

+ NGN4(C5(60a° + 96a(s + 634a + 4803 + 1111) — 608CATFN/)

+ (ND2(C3 (11202 — 19203 + 2760 + 2112¢5 — 1462))) , (3.6)
and
1g*) =9 +mg* +---

1
S — (Yo 3) + N9C4(20 + 6 )
2N (1677) (NiCa(a+3)+ NiCa(2a +6))

1

48(N9)? (1672)*
+ NjNg(Ci(54a2+354a+323)—1600ATFNf)+(Nj)QCi(60a2+372a—510)) :

Yo =

= ((N9)?*(C%(6a* + 66a + 190) — 80CATFpNy) (3.7)

Using the same notation as [BY], N4 is the dimension of the adjoint representation, whereby
fo and N§ represent the number of diagonal, respectively off-diagonal, generators. Of
course, fo + N§ = Na. Ny is the number of quark flavours, while T and C4 are Casimir
operators. Specifying to SU(N), one has N4 = N — 1, N4 = N(N — 1), Tr = 1 and
C4=N.

For simplicity, we shall only determine the potential in the case of SU(2) as gauge
group without flavours. If N = 2, there is only one ghost condensate, as SU(2) has only
one U(1) subgroup. In that case, we have

1 32
0o =—"— 0 =———=
0 42’ ! (1672)%”’
8 6\ 1 1 ) 20 1
=[|-2 - — = = - —12a" — 156 92 + — 3.8
a0 ( *t3 a>16772’ “ 3( “ ot +a>(167r2)2’ (38)
while
B(g*) = —eg*> — 2 (Bog* + B1g°) + -,
22 1 136 1
_ 2= =__ - _. 3.9
Bo 3 162 B 3 (162)? (3.9)
Equation (B.4) can be solved by making y a Laurent series in g2,
Xolc
() = 205 ()4 (3.10)

Substituting this in (B.4), we obtain the following differential equations in « for the first
two coefficients xo and x;.

0
260x0 + aan 5> = 2900 + 50 (3.11)
0 0
201x0 + aag 2 + aay T2 = 270x1 + 271x0 + 01 - (3.12)
e e

,10,



Solving yields
6a + Cy

3a2 —4a+9°
For x1, we have not been able to find a closed expression. An integral representation is

Xo = (3.13)

given by

Fre ()

X1 = 302 —4a+9
@ 567 153 27 1107
XL/, < — 46822 ——cb-———cba>+15cba:-+54x SR L ————)
o 4 4 4 4
e\/—ArcTan<\§;—37\/%)

dx . 3.14
m2(3x2 — 4x + 9)2 * (3.14)

Cpy and (' are constants of integration.

Let us recall that the exact vacuum energy itself will not depend on the choice of the
gauge parameter «, which can be proven completely similarly as we already did before
in [P0, P1]. We also recall that we introduced a method to circumvent the gauge parameter
dependence of the explicitly calculated FE,,., caused by the fact that we are forced to work
at a finite order, so that we never obtain that J = 0 exactly. Essentially, we introduced
a “compensating” gauge dependent function that was determined to remove the gauge

dependence. If we introduce the following unity
i i abiga b
1—N/Dm2ﬂﬁ( R >, (3.15)

with N the appropriate normalization, we are led to the following action

O'iO' (o
S — SYM + SMAG + Sdiag + /d4.%' <_2 > Zfabz—a b fabecdz—a b—cc +0@_>
g°X X g
(3.16)
with the identification
(gredy = (o) . (3.17)

Following the analysis of [20, R, one can show that the vacuum energy, given in terms of
the effective potential V(o) as

E,..=V(o.), with o, the global minimum of V(o) , (3.18)

shall formally not depend on the gauge parameter, making use of the BRST symmetry
which can be extended naturally to the extra field by means of

SO’i _ S(gfabizacb) _ gfabibacb o 92fabifbci6accci - %fabibedEacch . (319)

We shall not repeat the proof here, as it would be merely a notational adaptation of the
analogous results in [R0, R1]. We emphasize the use of the word formally, as we are forced

— 11 —



to work at a finite order. The gauge parameter independence proof is only valid when
we would work to all orders. The problem relies on the fact that an important step in
the quoted proof is that the sources ¥ become zero when the gap equation leading to the
minimum of the effective potential is solved. However, as the effective potential V(o) itself
shall only be calculated in a loop expansion, we shall only have ¥ = 0 up to a certain
order, because 9% ~ a%f?. Consequently, at finite order, residual a-dependence will slip
into the final expression for the vacuum energy. To cure the a-dependence at finite order
precision, we shall rely on the formalism developed [, @] We apply a transformation to

the fields and the sources,

4 7, L
v = — 192 — 192 2 2
7T Fga) Flg* ), (3.20)
with

F(g @) =1+ fol@)g* + fi(a)g* + -+, (3.21)
to arrive at the following action
aigt N 1
29°F (g%, 0)x  gxF (g% a)

1 - ~
_ 2—fabeCdZEaCbECCd + 192 O-_> . (322)
X g

5 faszacb

S = Sym + Smac + Sdiag + /d45C (

In the SU(2) case, in which case there is only one field o = o3, the tree level off-diagonal
ghost propagator will read

_ 5ab 2 ab
0 g7 Fuer , (3.23)
q4 + V2

where we set
v=-=—(0). (3.24)

We notice that the actions (B.16) and (B.22) are ewactly equivalent as they are connected
via the transformations (B.20)), however when working up to a certain order the coefficient
functions f;j(a) can enter the results. We shall precisely use these to enforce the gauge
parameter independence of the vacuum energy. We shall demand that

dEVaC
da

= 0 = first order differential equations in « for f;(a) . (3.25)

As an initial condition for the vacuum energy, we shall use the Landau gauge result. In [BZ],
we analyzed the ghost condensate (fAPCEBcC) in the Landau gauge. By connecting the
MAG with the Landau gauge in [RI], we argued that we can use the Landau gauge as
the “initial condition gauge” to match the vacuum energy of any other gauge to that of
the Landau gauge, given that the other gauge can be linked to the Landau gauge in a
renormalizable fashion. Of course, we should also find a renormalizable interpolating ghost

operator. In the present case, it is given by the expression

/d4.%' <79ifabizacb + K <fabcEacb + fjbczjcb + fachaCj) + Xﬂlﬁz + K;X/,ﬁc,ﬁc> \ (326)
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where k is an interpolating parameter? and ¥, 9¢ external sources. The Landau gauge
vacuum energy was established to be

Landau __

1 56 44 4
i = — e Ay & —0.01TAYg - (3.27)

The SU(2) MAG effective action reads at one loop, again using the MS scheme,

2 2 2 2 2
o 1 o o
Vi(o) = — ( — &92> + 55 J 5 <ln 92_4 - 3> . (3.28)
2Xo0 Xo 327 Xp XoH
Performing the transformation yields the potential
~2 22 22
~ o X1 5 1 g%c g“o
V10:—<1—<—+2f0>g>+ <ln — —3). 3.29
@)= 2% X0 32m% xg \ xom! (329

The gap equation % = 0 leads to

o X1 9 1 ¢% g*c? 1 ¢%¢
7 (1= —+2f0>g>+ —<ln ~ _3)+—2L =0. 3.30
X0 ( (XO 1672 x§ \ xgit 1672 X3 (330)

Assuming that v, is a solution of the previous equation written in terms of the variable v

as defined in (B.24), we obtain as vacuum energy

1
B = - gvr (3.31)

Now, by construction of the method, the functions f;(«) are fixed to ensure that ELarder =
EMAG

vac

. Doing so, we can in fact solve

1 1 56

~3520 = —32W265A§4—S , (3.32)
or
28
v = e A2~ 23402 < (3.33)

For comparison, the lattice group of [B4] quote a (preliminary) estimate of v &~ 1.3 GeVZ.
Using Ayg ~ 275 MeV in the case of SU(2) ]}, we find

v, & 0.18 GeV? . (3.34)

It is instructive to have a look at the effective coupling constant. Assuming that we solve

the gap equation at a scale 7i?> = v?2 in order to kill large logarithms and using the one loop

result (B.3(), we deduce that, for any «,
¢*N 9

-2 3.35
1672 |y_, 28° (8:35)

which is sufficiently small to speak about at least qualitatively acceptable results. We
notice that our value is considerable smaller than the lattice value. However, continuum

2We recall that a, k are gauge parameters, such that the MAG corresponds to = 0 while the Landau
gauge to (a =0,k =1) [E]
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effects should still be investigated on the lattice, while we employed perturbation theory at
lowest order. One can imagine other sources of nonperturbative effects that contributes to
the condensate. Anyhow, analytical continuum calculations as well as lattice simulations
seem to favour a nonvanishing ghost condensate.

We also see that we do not need explicit knowledge of the f;(a)-terms to obtain the
desired results, by taking into account how the functions f;(«) are fixed. For completeness,
one could determine fo(a) by matching the solution of the gap equation (B-30) at 12 = v.,

being
1

_ v , (3.36)
N=2 872 (% + 2f0>
with the already fixed solution (B.3F), so there is absolutely no need to solve the defining
differential equations (B.24).

9*N
1672

4. Consequences of the ghost condensate

First of all, there is the obvious breaking of the d-symmetry (1) since (f®ect) =
1(6(f%e%e’)). Let us have a look at the associated current in the SU(2) case under
study,® while setting a = 0 in ([[.1]) to immediately recover the MAG ([[.11]). Doing so, the
symmetry generator §, defined in ([.12), is given by*

6 6
(5 = /d4$ <Caﬁ + gEabeC%> (41)

in the functional form, so that we find after its application on the action ([L.1)),

08 08
— _ 4 a ab b _ a ryab b
0—55_/dx5ﬁz><c 6E“+g€ ccéba>—(9“(cDHc). (4.2)

After using the equations of motion, it follows that
b b
Ky =c"Dj’c (4.3)

is the associated conserved current, 9,K, = 0. Now, it turns out that this current I, can
be brought into the following useful form

Ky = s(A%) (4.4)

which can be checked by using the definition of the BRST transformation s, as given

in ().

We would like to point out here that the ghost condensate <e“bEacb> does not break
the BRST symmetry, since s(e?c%c?) # 0, so that due to the nilpotency, we certainly do
have €% # s(...), meaning that the ghost condensate is not an order parameter for

the BRST symmetry. In order to avoid confusion, let us mention that, in the case that

3 A little more cumbersome calculations will lead to the same conclusion in the general SU(N) case.

412 21 11 22
e"=—€" =1, =€ =0.
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one would study the condensates (e22%¢?) and (e%c?c?), corresponding to an equivalent

vacuum, then a nilpotent BRST charge also exists. We refer to [BZ] for a detailed discussion
of the completely analogous arguments in the Landau gauge.

As we have already mentioned, there exists another version of the MAG [R], in which
case the diagonal gauge fixing also respects the anti-BRST symmetry 5. The ghost con-
densate discussed here then breaks this anti-BRST symmetry. We did choose the diagonal
gauge fixing ([[.4), as this corresponds to the Landau gauge for the diagonal sector, a gauge
also used in the lattice simulations corresponding to the MAG [R4], B3, B4].

Returning to the current K, written down in ([.4), we can use the fact that it is BRST
exact. As a consequence, the Goldstone boson associated with the broken d-invariance will
cancel from the physical spectrum, as it will belong to a BRST exact state, and physical
states are defined as BRST invariant states, modulo the (trivially) invariant exact states.
We rely here on the fact that the current corresponding to a spontaneously broken symme-
try stands in a direct correspondence with the associated Goldstone boson [[l], namely the
current can be used to create/annihilate the Goldstone boson. Inserting this current into a
physical gauge invariant, and thus a fortiori BRST invariant, correlator then immediately
leads to a vanishing result.

A nonvanishing ghost condensate also strongly influences the behaviour of the off-
diagonal ghost propagator, (B.23). We notice the safe infrared behaviour when p> — 0.
However, the ghost condensate will also enter the off-diagonal gluon propagator through
radiative corrections. At one loop order, the quartic A%¢c coupling will give rise to an
effective 1PI off-diagonal gluon mass §M? given by [I§]

2
SM? = —12?% <0. (4.5)
Clearly, this would be a tachyonic off-diagonal gluon mass, indicative of instabilities in the
ghost condensed vacuum. There is however a resolution to this problem.
So far we have only considered the contribution of the ghost condensate to an effective
gluon mass. If we assume that we would have started with a sufficiently large positive tree
level off-diagonal gluon mass squared, the loop effect ([E.) should merely introduce a shift in

the tree level value, together with potential other shifts coming from the other interactions.

2

We have investigated the dynamical generation of a off-diagonal gluon mass m;

4 With
similar techniques as employed here [R1]. We considered the dimension 2 operator %AZAZ—l—
ac®c®, which is on-shell BRST invariant as encoded in the integrated A-equation (R.11),

and successfully constructed the effective potential at one loop in the SU(2) case, leading

3 1z
miy =/ 2¢° A12\/[_S ~ 5.051\12\/[—S , (4.6)

in the MAG limit & — 0. In a meaningful perturbative expansion, one should certainly have
2
% < 1, so that upon comparing the numbers (B.33), (B.39), (.5) and ([£.€), we conclude

that the ghost condensation will induce a negative shift in the mass ([.f), however the

to a finite value

net result will be still positive. Further one loop corrections will come from the pure
gluonic vacuum polarization. A complete account of similar effects in the Landau gauge
was presented in [R].
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Let us finally mention that the diagonal sector will not be influenced by the ghost nor
gluon condensate, since the U(1)NY~! Ward identity (R.10) forbids a diagonal gluon mass,
while the diagonal antighost equation (P.9) excludes a diagonal ghost mass.

5. Conclusion

We have given evidence for the existence of a mass dimension 2 ghost condensate in the
MAG. We used the LCO formalism [L] to construct a sensible effective potential for the
ghost operator f®e%c®. We proved the renormalizability to all orders of perturbation
theory, and explicitly calculated the one loop effective potential, thereby finding a non-
vanishing ghost condensate since (f®cc?) corresponds to a vacuum with lower energy.
The mere existence of a ghost condensate is in qualitative agreement with recent lattice
data [B3, B4].

There are a few interesting open questions related to the ghost condensate that deserves
further investigation. Since (f®cc’) serves as an order parameter for a symmetry, it
should be investigated whether this symmetry might get restored if we would allow for
finite temperature effects.

In [12, i), it was discussed how a (partial) treatment of Gribov copy effects in the
MAG might be handled via a restriction of the domain of path integration along the lines
of Gribov’s original approach [H]. Since this restriction also seriously alters the infrared be-
haviour of the propagators, it would be instructive to find out whether there is a significant
change in the obtained values of the ghost condensate.

So far, the mass generating mechanism in the Landau gauge or MAG was in fact
depending on the gauge, since the used operator is not gauge invariant, nevertheless the
qualitative features of the analytical results in the MAG [R1] are in quite good agreement
with lattice data [24, RJ]. In principle, A? is gauge invariant when used in the Landau gauge,
as it is formally equivalent to the gauge invariant functional A?nin, obtained by taking the
absolute minimum of A? along its gauge orbit. However, outside of the Landau gauge, it
is unclear how to use this operator. In [i4-[6], we developed a local, renormalizable non-
Abelian gauge invariant action, based on the nonlocal mass operator F' ﬁF , which could
serve as a starting point to discuss a gauge invariant mechanism behind dynamical mass
parameters in e.g. the gluon propagator (or physical correlators). Due to the gauge invari-
ance, we therefore expect the same tree level mass in the diagonal and off-diagonal sector,
even in the MAG. The question arises what might cause the possible difference between the
diagonal and off-diagonal sector? A possible explanation might be the ghost condensate,
in a fashion similar to what we studied in [26]. Said otherwise, the ghost condensate could

play an important role clarifying the mechanism(s) behind Abelian dominance.
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